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We present the analytical formulas for the conditional and unconditional states of a two-level
atom interacting with a single-photon wavepacket. We express the a priori state of the system by
means of the quantum trajectories related to the process of detection of photons in the output field.
We give the formulas for the mean number of photons detected up to the given time and we derive
the expressions for the mean time of detection of the photons.
PACS numbers:
I. BACKGROUND AND MOTIVATION
Together with a development of experimental methods of generating and manipulating of the wavepackets of definite
numbers of photons [1–9], many theoretical descriptions of their interactions with quantum systems were proposed.
The scattering process of N photons on a quantum system was described in the pure-state wavefunction approaches
[10, 11] and diagrammatic approaches [12–14]. Generalized master equations [15–21] and stochastic master equations
[22–37] were used to study the excitation of the two-level atom interacting with a N photon packets.
In this paper we treat a problem of an interaction of a quantum system with an environment prepared in a single-
photon state [38, 39]. As it was shown in [15], the reduced dynamics of an open system is given then by the set of
coupled first-ordered linear differential equations. In the paper we derive the solution to these hierarchy equations for
the two-level atom by applying the solutions to the filtering equations obtained in [32, 34]. Let us remind that the
quantum filtering theory [40–46], formulated in the framework of quantum stochastic Itô calculus [47, 48], provides
a description for the conditional evolution of a quantum system interacting with the Bose field. In this approach,
usually applied for the Markovian evolution, we deal with a division of the external field into the input and output
parts [49, 50]. The input part is interpreted as the field before the interaction with the system and the output part
is the field after this interaction. By performing the measurements on the output field we gain the information about
the system of our interest. The conditional evolution of the system depending on the results of the continuous in
time measurements of the output field is given by the filtering equation (stochastic master equation). The form of
this equation depends on the type of the measurement and on the initial state of the Bose field. The solutions to this
equation are called quantum trajectories or the a posteriori states. An average of the quantum trajectories taken over
all possible realizations of the stochastic process related to the considered measurement gives the a priori state of the
system, which for the Markovian case fulfills the Gorini-Kossakowski-Sudarshan-Lindbland master equation [51, 52].
The standard methods of quantum filtering theory are tailored to the case when the input field is in a Gaussian state
(coherent, thermal or squeezed) and they can not be directly used to case when the field is prepared in the single-
photon state. As shown in [32, 34, 35] to determine the stochastic evolution of the system interacting with the field in
a non-classical state one can apply the model of quantum repeated interactions and measurements [53–56] (called also
the collision model [57–62]). The collision model allows not only to determine the stochastic evolution of the system
but it also enables us to find a physical intuitive interpretation to the quantum trajectories and stochastic evolution.
The evolution of a quantum system interacting with the field prepared in the single-photon state is non-Markovian
due to the temporal field correlations. The impact of these correlations on the evolution of open systems was analyzed
in the framework of the collision model, for instance, in [60, 63–66]. Discussions about the discrete filtering equations
and their continuous limits one can find, for instance, in [54, 56, 61, 67, 69, 70]. The time discretization procedure
leading to the collision model in quantum optics and its connection with the input-output formalism and quantum
trajectories are given in [58, 60, 61].
In this paper we apply the formulas for the quantum trajectories derived in [32, 34] to describe the conditional and
unconditional dynamics of the two-level atom, and to specify the statistics of the output photons. In [32] the authors
derived the filtering equations for the system driven by the field in a single-photon state starting from a discrete in
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2time description of evolution of the system interacting with an environment modeled by a chain of qubits prepared
initially in an entangled state being a discrete analogue of continuous mode single-photon state. The evolution of
the composed system was given by repeated unitary interactions between the system and the bath qubits interrupted
by the measurements performed on the bath qubits. The authors derived the set of recursive stochastic equations
describing the conditional evolution of the system and then determined their differential versions. The system and
the form of the coupling operator were not specified in [32, 34] and their results can be applied to quantum systems
such as atoms, ions or cavity modes. Unlike the papers [20, 22, 24, 31] we do present numerical simulations to the
filtering equations.
The paper is organized as follows. In Sec. 2 we recall some of the results of [32, 34] necessary in understanding the
main part of this paper. We briefly describe the model of repeated interactions and measurements, we write down
the set of filtering equations for the counting stochastic process, the set of master equations, and give the formula for
the a priori state. In Sec. 3 we write the explicit analytical expressions for the a posteriori and the a priori states
for the two-level atom interacting with a single-photon packet. We make a comment about their physical meaning
and write the formula for the mean time of detection of the output photons. Moreover, we provide the formula for
positive-operator valued measure (POVM) associated with the counting process. In the Appendix we analyze POVM
for the detection of the output photons indexed by the number of counts.
II. FILTERING MODEL
A. Repeated interactions and measurements
We consider a quantum system S coupled to the environment modeled by a chain of N qubits. From the math-
ematical point of view, we use “toy Fock space” [68–70]. We assume that the environment qubits do not interact
between themselves, but they interact with the system S, one after the other, each during a time interval of the length
τ = T/N . The Hilbert space of the composed system, consisting of the environment and S, is thus HE ⊗HS , where
HS is the Hilbert space associated with S and HE =
⊗N−1
k=0 HE,k, where HE,k = C2 is the Hilbert space of the k-th
qubit interacting with S in the interval [kτ, (k+ 1)τ). The evolution of the composed system is given by the sequence
of unitary operators, for 1 ≤ j ≤ N − 1
Ujτ = Vj−1Vj−2 . . . V0, U0 = 1, (1)
where
Vk = exp (−iτHk) , (2)
Hk = 1k ⊗HS + i√
τ
(
σ+k ⊗ L− σ−k ⊗ L†
)
, (3)
where HS is the Hamiltonian associated with S, L is a bounded operator acting on HS , σ−k = |0〉k〈1|, σ+k = |1〉k〈0|,
where |0〉k and |1〉k stand respectively for a ground and excited state of the k-th two-level system of the bath. The
derivation the Hamiltonian (3) together with discussion about physical assumptions leading to it one can find, for
instance, in [58, 61, 71]. The interaction between the system and the field is described in the Weisskopf-Wigner
approximation. We set here the Planck constant ~ = 1 and we omit the identity operators from
⊗
i 6=kHE,i to simplify
the notation.
We assume that the composed system is initially prepared in a factorized state of the form
|1ξ〉 ⊗ |ψ0〉, (4)
where |ψ0〉 denotes the state of the system S and |1ξ〉 is the state of the environment defined as
|1ξ〉 =
√
τ
N−1∑
k=0
ξk|1k〉, (5)
where
|1k〉 = |0〉0 ⊗ . . . |0〉k−1 ⊗ |1〉k ⊗ |0〉k+1 ⊗ . . . |0〉N−1, (6)
3and
N−1∑
k=0
|ξk|2τ = 1. Note that |ξk|2τ is the probability of detecting a photon in the interval [kτ, (k + 1)τ). Here we
deal with a discrete version of a single photon state defined in [17, 22, 23, 25, 28, 36] for the symmetric Fock space
F (L2(R+)).
We gain the information about the system S in indirect way, namely by performing a sequence of measurements
on the bath qubits just after their interactions with S. The conditional state of S and the part of the environment
chain which has not interacted with S up to time jτ is at the moment jτ given by [32]
|Ψ˜j|ηj 〉 =
|Ψj|ηj 〉√
〈Ψj|ηj |Ψj|ηj 〉
, (7)
where |Ψj|ηj 〉 is the unnormalized conditional vector from the space
N−1⊗
k=j
HE,k ⊗HS having the form
|Ψj|ηj 〉 =
√
τ
N−1∑
k=j
ξk|1k〉[j,N−1] ⊗ |αj|ηj 〉+ |vac〉[j,N−1] ⊗ |βj|ηj 〉, (8)
where
|1k〉[j,N−1] = |0〉j ⊗ . . . |0〉k−1 ⊗ |1〉k ⊗ |0〉k+1 ⊗ . . . |0〉N−1, (9)
and |vac〉[j,N−1] = |0〉j ⊗ |0〉j+1 ⊗ |0〉j+2 ⊗ . . . |0〉N−1. In this paper we are interested in the quantum trajectories
related to the results of the measurement of the environment observable
σ+k σ
−
k = |1〉k〈1|, k = 0, 1, 2, . . . . (10)
By ηj we denoted a stochastic j-vector ηj = (ηj , ηj−1, . . . , η1) representing results of all measurements of the observable
(10) up to jτ . The conditional vectors |αj|ηj 〉, |βj|ηj 〉 from HS can be obtained by two recursive equations. The form
of the conditional vector (8) indicates that S becomes entangled with the input field. Note that the vector |αj|ηj 〉 is
associated with the scenario that S has not met the bath qubit prepared in the upper state up to jτ and |βj|ηj 〉 is the
vector related to the scenario that the system has already met the bath qubit in the upper state. This is the crucial
point in our future discussion about interpretation of the quantum trajectories. Of course, by taking the partial trace
of |Ψ˜j|ηj 〉〈Ψ˜j|ηj | with respect to the environment, we obtain the a posteriori state of S.
B. Filtering equations and quantum trajectories
From the set of recursive equations for the conditional vectors |αj|ηj 〉, |βj|ηj 〉, one can derive the set of discrete
filtering equations for S. In the continuous time limit, when τ → 0 and N →∞ such that T = Nτ is fixed, we obtain
the set of stochastic differential equations of the form [32]
dρ˜t = Lρ˜tdt+ [ρ˜01t , L†]ξtdt+ [L, ρ˜10t ]ξ∗t dt
+
{
1
kt
(
Lρ˜tL
† + Lρ˜10t ξ
∗
t + ρ˜
01
t L
†ξt + ρ˜00t |ξt|2
)− ρ˜t} (dn(t)− ktdt) , (11)
dρ˜01t = Lρ˜01t dt+
[
L, ρ˜00t
]
ξ∗t dt (12)
+
{
1
kt
(
Lρ˜01t L
† + Lρ˜00t ξ
∗
t
)− ρ˜01t } (dn(t)− ktdt)
dρ˜00t = Lρ˜00t dt+
(
1
kt
Lρ˜00t L
† − ρ˜00t
)
(dn(t)− ktdt) (13)
with the superoperator L acting as
Lρ˜ = −i[HS , ρ˜]− 1
2
{
L†L, ρ˜
}
+ Lρ˜L† (14)
4and
kt = Tr
(
L†Lρ˜t + Lρ˜10t ξ
∗
t + ρ˜
01
t L
†ξt + ρ˜00t |ξt|2
)
. (15)
The set of coupled nonlinear stochastic differential equations determines the conditional dynamics of S. The a
posteriori normalized state of S at the moment t is given by ρ˜t. The operators ρ˜10t and ρ˜01t are related by ρ˜10t = (ρ˜01t )†.
Initially, ρ˜0 = ρ˜000 = |ψ0〉〈ψ0| and ρ˜010 = ρ˜100 = 0. By n(t) we denoted the stochastic counting process with the a
posteriori mean value given by E[dn(t)|ρ˜t] = ktdt. Note that n(t) is a regular process thus (dn(t))2 = dn(t), which
means that at most one photon can be detected in the interval of the length dt. The probability of detecting more
than two photons in the interval [t, t+ dt) in the output channel for is proportional to (dt)2 and it is negligible [34].
Finally, passing to T →∞, we get for the amplitude ξt the normalization condition∫ +∞
0
|ξt|2dt = 1. (16)
The solution to (11) can be written in the form
ρ˜t|cond =
ρt|cond
Trρt|cond
, (17)
where
ρt|cond = |αt|cond〉〈αt|cond|
∫ +∞
t
ds|ξs|2 + |βt|cond〉〈βt|cond| (18)
and |αt|cond〉, |βt|cond〉 are the conditional vectors depending on all results of the continuous in time measurements
of the output field up to t. The formulas for |αt|cond〉 and |βt|cond〉 are rather involved but they can be written with
making use of some simple diagrammatic representation (see details in [32, 34]).
C. The a priori state and the set of master equations
By taking the mean value of the a posteriori state ρ˜t over all possible outcomes (all possible realizations of the
stochastic process related to the measured observable) we obtain the a priori state of S. The a priori state, %˜t, in the
representation of the counting stochastic process n(t) has the form
%˜t = ρt|0 +
+∞∑
m=1
∫ t
0
dtm . . .
∫ t3
0
dt2
∫ t2
0
dt1ρt|tm,...,t2,t1 , (19)
where ρt|tm,...,t2,t1 are the conditional operators defined by (18). In (19) we have a sum over all possible pathways of
the photon detection for the number of photons ranging from m = 0 to m = ∞ from the time 0 to t. The quantity
Trρt|0 is the probability of lack of any detections from 0 to t, while Trρt|tm,...,t2,t1 for all m ≥ 1 is the probability
density of detecting photons at times t1, t2, . . . , tm (strictly at intervals [t1, t1 +dt), [t2, t2 +dt), . . ., [tm, tm+dt)) such
that 0 < t1 < t2 < . . . < tm and no other photons from 0 to t. Clearly, for the system with a finite number degrees
freedom, the sum in (19) has limited number of non-zero terms. The set of master equations describing the a priori
evolution of S has the form [32]
˙˜%t = L%˜t + [%˜01t , L†]ξt + [L, %˜10t ]ξ∗t , (20)
˙˜%01t = L%˜01t +
[
L, %˜00t
]
ξ∗t , (21)
˙˜%00t = L%˜00t , (22)
where %˜t is the a priori state of S, %˜10t = (%˜01t )†, and initially %˜0 = %˜000 = |ψ0〉〈ψ0|, %˜010 = %˜100 = 0. The general solution
to this set can be written as
%˜t = e
Ltρ0 + eLt
∫ t
0
dse−Ls
(
[%˜01s , L
†]ξs + [L, %˜10s ]ξ
∗
s
)
(23)
5where
%˜01t = e
Lt
∫ t
0
dse−Ls[L, %˜00s ]ξ
∗
s , (24)
%˜00t = e
Ltρ0, (25)
and ρ0 is the initial state of S. Clearly, by taking the derivative of (23)-(24) one arrives in (20)-(22).
Note that using the conditional operators ρt|tm,...,t2,t1 one can find the whole statistics of photons of the output
field. For instance, the mean time of the m-th counts can be determined with making use of conditional operators as
tm =
∫ +∞
0
dtmtm . . .
∫ t3
0
dt2
∫ t2
0
dt1Trρtm|tm,...,t2,t1 , (26)
where Trρtm|tm,...,t2,t1 is the probability density of detecting m > 0 photons at times t1, t2, . . . , tm such that 0 < t1 <
t2 < . . . < tm and no other photons from 0 to tm. For a specified system S and initial conditions one can easily
indicate the maximum number of certain counts in the output channel from 0 to +∞. For all m less than or equal to
this number we have ∫ +∞
0
dtm . . .
∫ t3
0
dt2
∫ t2
0
dt1Trρtm|tm,...,t2,t1 = 1. (27)
III. CONDITIONAL AND UNCONDITIONAL EVOLUTION OF A TWO-LEVEL ATOM
Let us consider the case when the system S is a two-level atom with the eigenstates |g〉 and |e〉, and
HS = −∆0σz, L =
√
Γσ−, (28)
where Γ ∈ R+, σ− = |g〉〈e|, σz = |e〉〈e| − |g〉〈g|, and ∆0 = ωc − ω0 with ω0 being the carrier frequency of the input
wave packet.
A. Quantum trajectories and statistics of the output photons
By inserting (28) into the formulas (80) and (82) from [32], we obtain the conditional vectors referring to detection
of zero photons from 0 up to t of the form
|αt|0〉 =
(
e−i∆0t|g〉〈g|+ e(i∆0−Γ2 )t|e〉〈e|
)
|ψ0〉, (29)
|βt|0〉 = −
√
Γe(i∆0−
Γ
2 )t
∫ t
0
dsξse
(−2i∆0+ Γ2 )s|e〉〈g|ψ0〉. (30)
We can easily give a physical interpretation of this result. It is seen from (29) and (30) that when the two-level atom
was initially in the ground state and we have not observed any photons up to the time t, it means that the atom has
not met the external photon yet and it is still in the ground state or it has already met the photon, it absorbed this
photon and after the absorption the system stayed in the excited state up to t. If the atom was initially in the excited
state and we have not observed any photons up to t, it implies that only one scenario has made real—the system has
not met the external photon yet and it is still in the excited state (only the vector |αt|0〉 gives non-zero contribution
to the conditional state of the system). When the conditional vectors (29) and (30) are inserted in (18), we get the
unnormalized conditional state of the two-level atom for not observing any photon up to the time t,
ρt|0 =
(
e−i∆0t|g〉〈g|+ e(i∆0−Γ2 )t|e〉〈e|
)
|ψ0〉〈ψ0|
×
(
ei∆0t|g〉〈g|+ e(−i∆0−Γ2 )t|e〉〈e|
)∫ +∞
t
ds|ξs|2
+ Γe−Γt
∣∣∣∣∫ t
0
dsξse
(−2i∆0+ Γ2 )s
∣∣∣∣2 |〈ψ0|g〉|2|e〉〈e|. (31)
6By taking the trace of (31), we obtain the probability of not detecting any photons up to t,
Pt(0) =
(|〈ψ0|g〉|2 + e−Γt|〈ψ0|e〉|2) ∫ +∞
t
ds|ξs|2
+ Γe−Γt|〈ψ0|g〉|2
∣∣∣∣∫ t
0
dsξse
(−2i∆0+ Γ2 )s
∣∣∣∣2 . (32)
Of course, one can easily generalize this expression to the case of an arbitrary initial state of the system. Notice that
the expression in the first line refers to the possibility that the system will meet the photon after the time t, the
term in the second line is the probability of absorption of the photon before t and staying after this absorption in the
excited state up to t. We see that Pt=0(0) = 1 and, by the presence of the decay terms, we have limt→+∞ Pt(0) = 0.
According to (84) and (85) in [32], for a detection of one photon in the interval [t1, t1 + dt) and no other photons
from 0 to t, we obtain
|αt|t1〉 =
√
Γe−i∆0te(2i∆0−
Γ
2 )t1 |g〉〈e|ψ0〉, (33)
|βt|t1〉 = e−i∆0t
[(
ξt1 − Γ
∫ t1
0
dsξse
(2i∆0−Γ2 )(t1−s)
)
|g〉〈g|
+e(2i∆0−
Γ
2 )t
(
ξt1 − Γ
∫ t
t1
dsξse
(2i∆0−Γ2 )(t1−s)
)
|e〉〈e|
]
|ψ0〉. (34)
Thus when the two-level atom was initially prepared in the ground state, then we have |αt|t1〉 = 0 and the only two
scenarios of events are possible. Namely, we detected the photon coming from the external field or the atom absorbed
the photon before time t1, then emitted it at interval [t1, t1 + dt), and stayed in the ground state up to t. These two
scenarios are described respectively by the first and second terms of the formula for |βt|t1〉. If the atom was initially
in the excited state, it might not meet the photon before t, and we observed the photon emitted by the system or
the atom has met the external photon before t, then we detected it directly from the field or the atom emitted the
photon at t1, then absorbed the photon from the field, and after this stayed in the excited state up to t.
By (88) and (89) in [32], for detection of two photons at the intervals [t1, t1 + dt) and [t2, t2 + dt) such that
0 < t1 < t2 < t and no other photons from 0 to t, we have
|αt|t2,t1〉 = 0, (35)
|βt|t2,t1〉 =
√
Γe−i∆0te(2i∆0−
Γ
2 )(t1+t2)
(
ξt1e
−(2i∆0−Γ2 )t1 + ξt2e
−(2i∆0−Γ2 )t2
− Γ
∫ t2
t1
dsξse
(−2i∆0+ Γ2 )s
)
|g〉〈e|ψ0〉. (36)
Thus if we observed two photons we are certain that the system has already met the photon (|αt|t2,t1〉 = 0). The
terms in (36) correspond respectively to the following scenarios:
• the first photon came directly from the field and the second one was emitted by the atom,
• the first photon was emitted by the atom and the second one came from the field,
• the first photon was emitted by the atom, then the atom absorbed the photon from the field, and it emitted the
photon at t2.
All these possibilities we have to consider when the initial value of the probability of being in the excited state is
non-zero. Of course, all the others conditional vectors vanish according to the fact that in our scheme we can not
detect more than two photons.
Let us notice that the mean time of the first count is given by the formula
t1 =
∫ +∞
0
dt1t1p(t1), (37)
7where
p(t1) = e
−Γt1
(
Γ
∫ +∞
t1
ds|ξs|2 + |ξt1 |2
)
〈e|ρ0|e〉
+
∣∣∣∣ξt1 − Γ∫ t1
0
dsξse
(2i∆0−Γ2 )(t1−s)
∣∣∣∣2 〈g|ρ0|g〉, (38)
where ρ0 is the initial state of the atom. One can check that∫ +∞
0
dt1p(t1) = 1. (39)
For the mean time of the second count we have the formula
t2 =
∫ +∞
0
dt2t2
∫ t2
0
dt1p(t2, t1) (40)
with
p(t2, t1) = Γe
−Γ(t1+t2)
∣∣∣∣ξt1e−(2i∆0−Γ2 )t1 + ξt2e−(2i∆0−Γ2 )t2 − Γ∫ t2
t1
dsξse
(−2i∆0+ Γ2 )s
∣∣∣∣2 〈e|ρ0|e〉. (41)
Of course, we can apply it only if 〈e|ρ0|e〉 = 1, then we have∫ +∞
0
dt2
∫ t2
0
dt1p(t2, t1) = 1. (42)
Note that the probability density of the time distance between two successive clicks depends on the time of the first
click which results from the time dependence of ξt. The second photon can be detected just after the first detection
when the first photon was emitted by the system and second one came from the field (or vice versa).
B. The a priori evolution
We determine the a priori state of the system by using the conditional counting representation, namely
%˜t = ρt|0 +
∫ t
0
dt1ρt|t1 +
∫ t
0
dt2
∫ t2
0
dt1ρt|t2,t1 . (43)
By referring to (29), (30), (33)-(36) we can find the conditional operators: ρt|0, ρt|t1 , ρt|t2,t1 , and it allows us finally
to obtain the explicit expression for the a priori state of the form
%˜t =
[
1− Γe−Γt
∣∣∣∣∫ t
0
dsξse
γs
∣∣∣∣2
−〈e|ρ0|e〉e−Γt
(
1− 4ΓRe
∫ t
0
dt1ξ
∗
t1e
γ∗t1
∫ t1
0
dsξse
−γ∗s
)]
|g〉〈g|
+〈e|ρ0|g〉e−γt
(
1− 2Γ
∫ t
0
dt1ξt1e
−γ∗t1
∫ t1
0
dsξ∗se
γ∗s
)
|e〉〈g|
+〈g|ρ0|e〉e−γ∗t
(
1− 2Γ
∫ t
0
dt1ξ
∗
t1e
−γt1
∫ t1
0
dsξse
γs
)
|g〉〈e|
+
[
Γe−Γt
∣∣∣∣∫ t
0
dsξse
γs
∣∣∣∣2
+〈e|ρ0|e〉e−Γt
(
1− 4ΓRe
∫ t
0
dt1ξ
∗
t1e
γ∗t1
∫ t1
0
dsξse
−γ∗s
)]
|e〉〈e|, (44)
8where γ = −2i∆0 + Γ2 . To obtain (44) we used Eqs. (A2)-(A4). This is the general formula for the state of the
two-level atom interacting with the single-photon wavepacket. We see that it depends on the initial state of the system
and on the shape of the wavepackage. For the atom being initially in the ground state, we can get from (44) the
probability of the excitation of the system
P (t) = Γe−Γt
∣∣∣∣∫ t
0
dsξse
γs
∣∣∣∣2 , (45)
which was analyzed in [19, 21]. As expected, in the long time limit t→ +∞, the atom goes to the ground state.
C. POVM
Note that with the stochastic counting process, n(t), we can associate for a fixed time t POVM {Mt|m} labeled by
the number of counts m = 0, 1, 2. One can check that 3-element POVM has here the form
Mt|0 =
(∫ +∞
t
ds|ξs|2 + Γe−Γt
∣∣∣∣∫ t
0
dsξse
γs
∣∣∣∣2
)
|g〉〈g|+ e−Γt
∫ +∞
t
ds|ξs|2|e〉〈e|, (46)
Mt|1 =
∫ t
0
dt1
∣∣∣∣ξt1 − Γ∫ t1
0
dsξse
−γ(t1−s)
∣∣∣∣2 |g〉〈g|
+
[ (
1− e−Γt) ∫ ∞
t
|ξs|2ds+ e−Γt
∫ t
0
dt1
∣∣∣∣ξt1 − Γ∫ t
t1
dsξse
−γ(t1−s)
∣∣∣∣2
]
|e〉〈e|, (47)
Mt|2 = Γ
∫ t
0
dt2
∫ t2
0
dt1e
−Γ(t1+t2)
∣∣∣∣ξt1eγt1 + ξt2eγt2 − Γ∫ t2
t1
dsξse
γs
∣∣∣∣2 |e〉〈e|. (48)
Clearly, for any initial state of the two-level atom, ρ0, Pt(m) = TrMt|mρ0 is the probability of m detections from
0 to t. A detailed discussion on {Mt|m} one can find in Appendix. By applying the POVM we can determine the
statistical moments
mkt =
2∑
m=0
Pt(m)m
k (49)
referring to the output field. For the first moment, mt, being the mean number of counts in the period from 0 to t,
we obtain the formula
mt =
(∫ t
0
ds |ξs|2 − Γe−Γt
∣∣∣∣∫ t
0
dsξse
γs
∣∣∣∣2
)
〈g|ρ0|g〉
+
((
1− e−Γt)(1 + ∫ t
0
ds|ξs|2
)
+ e−Γt
∫ t
0
ds|ξs|2 − Γe−Γt
∣∣∣∣∫ t
0
dsξse
γs
∣∣∣∣2
+4Γe−ΓtRe
∫ t
0
dt1ξ
∗
t1e
γ∗t1
∫ t1
0
dsξse
−γ∗s
)
〈e|ρ0|e〉. (50)
In the long time limit we get simply limt→+∞mt = 1 + 〈e|ρ0|e〉. And for the second moment, we have
m2t =
(∫ t
0
ds |ξs|2 − Γe−Γt
∣∣∣∣∫ t
0
dsξse
γs
∣∣∣∣2
)
〈g|ρ0|g〉
+
((
1− e−Γt)(1 + 3 ∫ t
0
ds|ξs|2
)
+ e−Γt
∫ t
0
ds|ξs|2 − 3Γe−Γt
∣∣∣∣∫ t
0
dsξse
γs
∣∣∣∣2
+12Γe−ΓtRe
∫ t
0
dt1ξ
∗
t1e
γ∗t1
∫ t1
0
dsξse
−γ∗s
)
〈e|ρ0|e〉. (51)
9By using (50) and (51) we can find the Mandel Qt parameter, defined as
Qt =
m2t −m2t
mt
− 1. (52)
Let us note that for the case when the two-level atom is initially in the ground state we have Qt = −mt.
D. Results for chosen pulse shapes
As an illustration, we make now calculations for a two specific shapes of the input pulse. We consider a resonance
case assuming that ξt ∈ R and ∆0 = 0. Let us first consider a square pulse defined as
ξt =
{√
Ω
2 , 0 ≤ t ≤ 2Ω
0, t > 2Ω
. (53)
In this case the probability of no counts up to t has the form
Pt(0) =
{[
1− Ω2 t+ 2ΩΓ
(
1− e−Γt/2)2] 〈g|ρ0|g〉+ e−Γt (1− Ω2 t) 〈e|ρ0|e〉, 0 ≤ t ≤ 2Ω
2Ω
Γ e
−Γt (1− eΓ/Ω)2 〈g|ρ0|g〉, t > 2Ω . (54)
Respectively, for a decaying exponential pulse, given as
ξt =
√
Ωe−Ωt/2, (55)
we obtain
Pt(0) =
[
e−Ωt +
4ΩΓe−Γt
(Γ− Ω)2
(
1− e−(Ω−Γ)t/2
)2]
〈g|ρ0|g〉+ e−(Γ+Ω)t〈e|ρ0|e〉. (56)
One can easily recognize here the roles of the parameters governing the atom excitation and the process of emission
of the photon. In Figure 1 we show the mean value of photons measured in the output channel up to t for the square
and exponential pulses and the system being initially in the ground state for chosen values of parameters.
FIG. 1: The mean number of photons detected from 0 up to t for the atom in the ground state for a square (A) and exponential
pulse (B) for Ω = 0.75Γ (solid lines), Ω = 0.30Γ (dashed lines) and Ω = 0.15Γ (dotted lines).
IV. CONCLUSIONS
We have described the conditional and unconditional evolution of a two-level atom interacting with a single-photon
pulse. In this case the system becomes correlated with the field and its stochastic evolution is given by the set of
four coupled equations. In order to determine the a posteriori and a priori evolution of the two-level atom we have
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used the formulas for the quantum trajectories derived in [32]. We have expressed the states of the system in terms
of the quantum trajectories related to the continuous in time measurement of photons in the output field. We have
presented the formulas for the expected time of detection of the first and the second photon. Moreover, we have found
the expressions for the POVM associated with the number of photons detected in the output channel up to t. By
this we have finally determined the formulas for the mean number of photons detected from 0 to t and the Mandel
Qt parameter defining the properties of the output signal.
We would like to stress that the formula (19) for the a priori state together with the expressions for the conditional
operators given in [32, 34] is a generalization of the well known formula for the solution of the master equation [43]
to the non-Markovian case. We have used a decomposition of the quantum dynamics into quantum paths associated
with detection of the photons with detector of unit quantum efficiency. This procedure allowed us not only to
describe the evolution of the two-level atom but it also brought benefits by giving the analytical expressions for the
probability density of photon counting. Of course, more details can be studied. Our simple model can be elaborated
and experimentally tested. The experimental setup described in [72] would fit perfectly to this.
Appendix A: POVM
The set (46)-(48) is a set of Hermitian positive semidefinite operators that sum to the identity operator
2∑
n=0
Mt|n = 1S . (A1)
The first property is clearly visible, to proof that the operators sum to the identity operator, in the first step one has
to check that ∫ t
0
dt1e
−Γt1
∣∣∣∣ξt1eγt1 − Γ∫ t1
0
dsξse
γs
∣∣∣∣2 = ∫ t
0
ds |ξs|2 − Γe−Γt
∣∣∣∣∫ t
0
dsξse
γs
∣∣∣∣2 , (A2)
∫ t
0
dt1
∣∣∣∣ξt1 − Γ∫ t
t1
dsξse
−γ(t1−s)
∣∣∣∣2 = ∫ t
0
ds|ξs|2 + Γ
∣∣∣∣∫ t
0
dsξse
γs
∣∣∣∣2
−4ΓRe
∫ t
0
dt1ξ
∗
t1e
γ∗t1
∫ t1
0
dsξse
−γ∗s, (A3)
∫ t
0
dt2
∫ t2
0
dt1e
−Γ(t1+t2)
∣∣∣∣ξt1eγt1 + ξt2eγt2 − Γ∫ t2
t1
dsξse
γs
∣∣∣∣2 = Γ−1(1− e−Γt)∫ t
0
ds|ξs|2
−e−Γt
∣∣∣∣∫ t
0
dsξse
γs
∣∣∣∣2 + 4e−ΓtRe ∫ t
0
dt1ξ
∗
t1e
γ∗t1
∫ t1
0
dsξse
−γ∗s. (A4)
Making use of (A2)-(A4), we get
Mt|0 =
(∫ +∞
t
ds|ξs|2 + Γe−Γt
∣∣∣∣∫ t
0
dsξse
γs
∣∣∣∣2
)
|g〉〈g|+ e−Γt
∫ +∞
t
ds|ξs|2|e〉〈e| (A5)
Mt|1 =
(∫ t
0
ds |ξs|2 − Γe−Γt
∣∣∣∣∫ t
0
dsξse
γs
∣∣∣∣2
)
|g〉〈g|
+
((
1− e−Γt) ∫ ∞
t
ds|ξs|2 + e−Γt
∫ t
0
ds|ξs|2 + Γe−Γt
∣∣∣∣∫ t
0
dsξse
γs
∣∣∣∣2 ,
−4Γe−ΓtRe
∫ t
0
dt1ξ
∗
t1e
γ∗t1
∫ t1
0
dsξse
−γ∗s
)
|e〉〈e|, (A6)
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Mt|2 =
((
1− e−Γt) ∫ t
0
ds|ξs|2 − Γe−Γt
∣∣∣∣∫ t
0
dsξse
γs
∣∣∣∣2
+4Γe−ΓtRe
∫ t
0
dt1ξ
∗
t1e
γ∗t1
∫ t1
0
dsξse
−γ∗s
)
|e〉〈e|. (A7)
It is evident now that (A1) holds.
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